
Notes

Calendar

2025-10-01 – 2025-10-31
Mon Tue Wed Thu Fri Sat Sun

1 2 3 4 5
6 7 8 9 10 11 12
13 14 15 16 17 18 19
20 21 22 23 24 25 26
27 28 29 30 31

2025-11-01 – 2025-11-30
Mon Tue Wed Thu Fri Sat Sun

1 2
3 4 5 6 7 8 9
10 11 12 13 14 15 16
17 18 19 20 21 22 23
24 25 26 27 28 29 30

2025-12-01 – 2025-12-31
Mon Tue Wed Thu Fri Sat Sun

1 2 3 4 5 6 7
8 9 10 11 12 13 14
15 16 17 18 19 20 21
22 23 24 25 26 27 28
29 30 31

2026-01-01 – 2026-01-31
Mon Tue Wed Thu Fri Sat Sun

1 2 3 4
5 6 7 8 9 10 11
12 13 14 15 16 17 18
19 20 21 22 23 24 25
26 27 28 29 30 31

2026-02-01 – 2026-02-28
Mon Tue Wed Thu Fri Sat Sun

1
2 3 4 5 6 7 8
9 10 11 12 13 14 15
16 17 18 19 20 21 22
23 24 25 26 27 28

2026-03-01 – 2026-03-31
Mon Tue Wed Thu Fri Sat Sun

1
2 3 4 5 6 7 8
9 10 11 12 13 14 15
16 17 18 19 20 21 22
23 24 25 26 27 28 29
30 31

2026-06-01 – 2026-06-30
Mon Tue Wed Thu Fri Sat Sun

1 2 3 4 5 6 7
8 9 10 11 12 13 14
15 16 17 18 19 20 21
22 23 24 25 26 27 28
29 30

Days total: 168

Days past: 250

Days left: −82

Time left: duration(weeks: -11, days: -5)

Percentage left: −0.4880952380952381

Abstract
• Friedl Lück

‣read through 

Friedl Lück  • Yi Liu:

1. Introduction

‣ 𝐿2-Alexander Torsion

– 𝜏 (2) : Addmissible Triple → ℝ>0→ℝ≥0
≛

𝜏 (2)(𝑁, 𝜑, 𝛾)(𝑡) =???
• 𝑓 ≛ 𝑔 ⇔ ∃𝑟 ∈ ℝ∀𝑡 ∈ ℝ>0 : 𝑓(𝑡) = 𝑡𝑟𝑔(𝑡)
• “getwistete” variante der full 𝐿2-Alexander Torsion

– 𝑁  : 3-Mannifold

• needed: (empty-/incompressible toral-) boundary

• in [1]: prime



– Addmissible Triple ≔ (
𝑁,

𝜑 : 𝐻1(𝑁, 𝜕𝑁; ℝ) =
[1]

𝜋1(𝑁) →
Grp

ℝ,

𝛾 : 𝜋1(𝑁) →
Grp

𝐺,

ℎ1 : Prop = (∃𝜑̃ : 𝜋1(𝑁) →
𝛾

Grp
𝐺 →

𝜑̃

Grp
ℝ = 𝜋1(𝑁) →

𝜑

Grp
ℝ)

‣ full 𝐿2-Alexander Torsion with respect to 𝜑
– 𝜏 (2)(𝑁, 𝜑)(𝑡)
– if 𝛾 = id𝜋1(𝑁)

‣ Zu zeigen:

– 𝜏 (2)(𝑁, 𝜑)(𝑡)
• continuous

• positive

• asymptotically monomial in both ends

‣ 𝑓 : ℝ>0 → [0, +∞)

∃𝐶+∞, 𝑑+∞ ∈ ℕ : lim𝑡→+∞
𝑓(𝑡)

𝑡𝑑+∞ = 𝐶+∞ monomial in the limit 𝑡 → +∞

∃𝐶0+, 𝑑0+ ∈ ℕ : lim𝑡→0+
𝑓(𝑡)
𝑡𝑑0+ = 𝐶0+ monomial in the limit 𝑡 → 0 +  [1]

– deg 𝜏 (2)(𝑁, 𝜑)(𝑡) is Thurston norm of 𝜑 
Definition of 

deg?  
• dega(𝑓) = 𝑑+∞ − 𝑑0+

‣ examples:

– 𝑡2

𝑡−1 ↦
dega

2 − 1 = 0
‣ 𝑒−𝑡

𝑡𝑝 ↦
dega

0 − (−𝑝)⏟

lim𝑡→0+

∑∞
𝑛=0

(−𝑡)𝑛
𝑛!

𝑡𝑝

𝑡𝑑0+

= 𝑝

‣ 𝜏 (2)(𝑁, 𝜑, 𝛾 : 𝜋1(𝑁) → 𝐺)(𝑡)
– continuous

– positive (if 𝐺 residually finite & (𝑁, 𝛾) weakly acyclic)

– d̃eg⏟
generalized

degree

𝜏 (2)(𝑁, 𝜑, 𝛾 : 𝜋1(𝑁) → 𝐺)(𝑡) bounded by Thurston norm of 𝜑

• degb+∞(𝑓) = inf{𝐷+∞ ∈ ℝ : lim𝑡→+∞
𝑓(𝑡)

𝑡𝐷+∞ = 0}
• degb0+(𝑓) = sup{𝐷0+ ∈ ℝ : lim𝑡→0+

𝑓(𝑡)
𝑡𝐷0+ = 0}

• degb(𝑓) = degb+∞(𝑓) − degb0+(𝑓) growth bound degree1

Chapters (Liu)
1. Introduction

2. Preliminaries

3. Regular Fugledge-Kadison determinant

4. Multiplicatively convex functions

5. Multiplicative convexity and exponent bound

6. Continuity of degree

7. asymptotics for integral matrices

8. 𝐿2-Alexander torsion of 3-manifolds

9. examples

1Definition 1.3 aus Yi Liu



Chapters (Masters thesis)
1. torsion invariants

1. Alexander polynomial (Knots)

2. Reidemeister-Torsion 𝜌(𝑋) /
Unterschied?  

 Alexander torsion 𝜏(𝐾)
3. 𝐿2-Torsion invariants

1. twisting (see: full ⇝ 𝐿2-Alexander Torsion)

2. thurston norm

3. connection

1. asymptotic degree
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